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1 Intro duction

This documentdescribes our numericalmethod for integratingsystemsof conservation
laws(e.g., the Eulerequationsof gasdynamics)on anAMR grid hierarchywith embedded
boundaries. We usean unsplit, second-order Godunovmethod, extendingthe algorithms
developed by Colella[Col90] andSaltzman[Sal94].

2 Notation

All theseoperationstake placein a verysimilar context to that presentedin [CGL+ 00].
For non-embeddedboundary notation, refer to that document.

The standard (i; j ; k) is not su±cient hereto denotea computationalcellastherecan
be multipleVoFsper cell. We de¯ne v to be the notation for a VoF and f to be a face.
The function ind(v) producesthe cell which the VoF livesin. We de¯ne v + (f ) to be
the VoF on the high sideof facef ; v ¡ (f ) is the VoF on the low sideof facef ; f +

d (v)
is the set of faceson the high sideof VoF v; f ¡

d (v) is the set of faceson the low side
of VoF v, whered 2 f x; y; zg is a coordinatedirection(the number of directionsis D).
Also, we composetheseoperators to representthe set of VoFs directly connectedto a
givenVoF: v+

d (v) = v+ (f +
d (v)) andv ¡

d (v) = v ¡ (f ¡
d (v)). The << operator shiftsdata

in the directionof the right handargument. The shift operator canyieldmultiple VoFs.
In this case,the shift operator includesaveragingthe valuesat the shifted-toVoFs.

We follow the sameapproachin the EB casein de¯ning multileveldata andoperators
aswe did for ordinary AMR. Givenan AMR meshhierarchy f ­ lglmax

l=0 , we de¯ne the valid
VoFson levell to be

Vl
val id = ind ¡ 1(­ l

val id ) (1)

andcompositecell-centereddata

' comp = f ' l ;val id glmax
l=0 ; ' l ;val id : Vl

val id ! Rm (2)
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For face-centereddata,

F l ;d
val id = ind ¡ 1(­ l ;ed

val id )
~F l ;val id = (F l ;val id

0 ; : : : ; F l ;val id
D ¡ 1 )

F l ;val id
d : F l ;d

val id ! Rm

(3)

For computationsat cell centersthe notation

CC = A j B j C

meansthat the 3-point formula A is usedfor CC if all cell centeredvaluesit usesare
available,the 2-point formulaB is usedif currentcellbordersthe highsideof the physical
domain(i.e., no highsidevalue),andthe 2-point formulaC is usedif currentcellborders
the low sideof the physicaldomain(i.e., no low sidevalue). A valueis \available" if its
VoF is not coveredand is within the domainof computation. For computationsat face
centersthe analogousnotation

F C = A j B j C

meansthat the 2-point formula A is usedfor F C if all cell centeredvaluesit usesare
available,the 1-point formulaB is usedif currentfacecoincideswith the highsideof the
physicaldomain(i.e., no high sidevalue),and the 1-point formula C is usedif current
facecoincidedwith the low sideof the physicaldomain(i.e., no low sidevalue).

3 Equations of Motion

We are solvinga hyperbolic systemof equationsof the form

@U
@t

+
D ¡ 1X

d=0

@F d

@xd
= S (4)

For 3D polytropicgasdynamics,

U = (½;½ux ; ½uy; ½uz; ½E)T

F x =
¡
½ux ; ½u2x ; ½uxuy; ½uxuz; ½uxE + uxp

¢T

F y =
¡
½uy; ½uxuy; ½u2y; ½uyuz; ½uyE + uyp

¢T

F z =
¡
½uz; ½uxuz; ½uzuy; ½u2z; ½uzE + uzp

¢T

E =
° p

(° ¡ 1)½
+

j~uj2

2

(5)

We are givenboundary conditionson facesat the boundary of the domainandon the em-
beddedboundary. We alsoassumetheremay be a changeof variablesW = W(U) (W ´
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\p rimitive variables") that canbe appliedto simplifythe calculationof the characteristic
structureof the equations.This leadsto a similar systemof equationsin W.

@W
@t

+
D ¡ 1X

d=0

Ad(W)
@W d

@xd
= S0

Ad = r UW ¢r UF d ¢r W U

S0 = r UW ¢S

(6)

For 3D polytropicgasdynamics,

W = (½;ux ; uy; uz; p)T

Ax =

0

B
B
B
B
@

ux ½ 0 0 0
0 ux 0 0 1

½

0 0 ux 0 0
0 0 0 ux 0
0 ½c2 0 0 ux

1

C
C
C
C
A

Ay =

0

B
B
B
B
@

uy 0 ½ 0 0
0 uy 0 0 0
0 0 uy 0 1

½

0 0 0 uy 0
0 0 ½c2 0 uy

1

C
C
C
C
A

Az =

0

B
B
B
B
@

uz 0 0 ½ 0
0 uz 0 0 0
0 0 uz 0 0
0 0 0 uz

1
½

0 0 0 ½c2 uz

1

C
C
C
C
A

4 Approximations to r ¢F .

To obtain a second-order approximationof the °ux divergencein conservativeform, ¯rst
we must interpolate the °ux to the facecentroid. In two dimensions,this interpolation
takesthe form

eF
n+ 1

2
f = F

n+ 1
2

f + j ¹xj(F
n+ 1

2
f <<sig n( ¹x)ed ¡ F

n+ 1
2

f ) (7)

where¹x is the centroidin the directiond perpendicular to the facenormal. In threedimen-
sions,de¯ne(¹x; ¹y) to be the coordinatesof the centroidin the plane(d1; d2) perpendicular
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to the facenormal.

eF
n+ 1

2
f = F

n+ 1
2

f (1 ¡ ¹x ¹y + j ¹x ¹yj)+ (8)

F
n+ 1

2

f <<sig n( ¹x)ed1 (j ¹xj ¡ j ¹x ¹yj)+ (9)

F
n+ 1

2

f <<sig n( ¹x)ed2 (j ¹yj ¡ j ¹x ¹yj)+ (10)

F
n+ 1

2

f <<sig n( ¹x)ed1 <<sig n( ¹x)ed2 (j ¹x ¹yj) (11)

Centroidsin any dimensionare normalizedby ¢ x and centeredat the cell center. This
interpolationisonlydoneif theshiftsthat areusedin the interpolationareuniquely-de¯ned
andsingle-valued.

We then de¯ne the conservativedivergenceapproximation.

r ¢~F ´ (D ¢~F )c =
1

kv h
((

D ¡ 1X

d=0

X

§ =+ ;¡

X

f 2F d; §
v

§ ®f
eF

n+ 1
2

f ) + ®B
v F

B ;n+ 1
2

v ) (12)

The non-conservativedivergenceapproximationis de¯nedbelow.

r ¢~F = (D ¢~F )N C =
1
h

X

§ =+ ;¡

D ¡ 1X

d=0

§ ¹F
n+ 1

2
v ;§ ;d (13)

¹F
n+ 1

2
v ;§ ;d =

8
<

:

1
N (F d; §

v )

P
f 2F d; §

v
F

n+ 1
2

f if N (F d;§
v ) > 0

F
covered;n+ 1

2
v ;§ ;d otherwise

(14)

The preliminary update updateof the solutionof the solutiontakesthe form:

Un¡ 1
v = Un

v ¡ ¢ t((1 ¡ kv )(D ¢~F )N C
v + kv (D ¢~F )c

v ) (15)

±M = ¡ ¢ tkv (1 ¡ kv )(( D ¢~F )c
v ¡ (D ¢~F )N C

v ) (16)

±M is the total massincrementthat hasbeenunaccountedfor in the preliminary update.
Seethe EBAMRToolsdocumentfor how this massgetsredistributedin an AMR context.
On a singlelevel,the redistributiontakesthe following form:

Un+1
v 0 := Un+1

v 0 + wv ;v 0; ±M v (17)

v
0
2 N (v); (18)

whereN (v) is the set of VoFs that can be connectedto v with a monotonepath of
length · 1. The weightsare nonnegative,andsatisfy

P

v 02N (v )

· v 0wv ;v 0 = 1.
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5 Flux Estimation

GivenUn
i and Sn

i , we want to computea second-order accurateestimateof the °uxes:

F
n+ 1

2
f ¼ F d(x 0+ (i + 1

2ed)h; tn + 1
2¢ t). Speci¯cally, wewant to computethe °uxesat the

centerof the Cartesiangrid facescorrespondingto the facesof the embeddedboundary
geometry. In addition,we want to compute°uxesat the centersof Cartesiangrid faces
correspondingto facesadjacentto vofs,but that are completelycovered.Pointwiseoper-
ationsare conceptuallythe samefor both regular and irregular VoFs. In other operations
we specify both the regular and irregular VoF calculation. The transformationsr UW
and r W U are functionsof both spaceand time. We shall leavethe precisecenteringof
thesetransformationsvagueasthis will be application-dependent.In outline,the method
is givenasfollows.

5.1 Flux Estimation in Two Dimensions

1. Transform to primitive variables.

W n
v = W(Un

v ) (19)

2. Computeslopes¢ dWv . This is described separately in section6.

3. Computethe e®ectof the normal derivativeterms and the sourceterm on the
extrapolation in spaceand time from cell centersto faces.For 0 · d < D ,

Wv ;§ ;d = W n
v +

1
2

(§ I ¡
¢ t
h

Ad
v )P§ (¢ dWv )

Ad
v = Ad(Wv )

P§ (W) =
X

§ ¸ k > 0

(lk ¢W)r k

Wv ;§ ;d = Wv ;§ ;d +
¢ t
2

r UW ¢Sn
v

(20)

where¸ k are eigenvaluesof Ad
i , and lk and r k are the correspondingleft and right

eigenvectors. We then extrapolate to the coveredfaces. First we de¯ne the VoFs
involved.

d0 =1 ¡ d

sd = sign(nd)

vup = ind ¡ 1(ind(v) + sd0
ed0

¡ sded)

v side = ind ¡ 1(ind(v) + sded)

v corner = ind ¡ 1(ind(v) + sd0
ed0

)

(21)
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De¯ne W up,side,corner, extrapolationsto the edgesnear the VoFsnear v.

W up = Wv up;¨ ;d

W side = Wv side;¨ ;d ¡ sd¢ dW

W corner = Wv corner;¨ ;d

¢ dW =

(
¢ dW n

v side if nd > nd0

¢ dW n
v corner otherwise

¢ d0
W =

(
¢ d0

W n
v corner if nd > nd0

¢ d0
W n

v up otherwise

(22)

wherethe slopes are de¯ned in section6 If any of thesevofs does not have a
monotonepath to the original VoF v, we drop order the order of interpolation.

If jndj < jnd0j:

W full =
jndj
jnd0j

W corner + (1¡
jndj
jnd0j

)W up ¡ (
jndj
jnd0j

sd¢ dW + sd0
¢ d0

W) (23)

W covered
v ;§ ;d =

8
>>><

>>>:

W full if both exist

W up if only vup exists

W corner if only v corner exists

W n
v if neitherexists

(24)

If jndj ¸ jnd0j:

W full =
jnd0j
jndj

W corner+ (1¡
jnd0j
jndj

)W side¡ (
jnd0

j
jndj

sd0
¢ d0

W + sd¢ dW) (25)

W covered
v ;§ ;d =

8
>>><

>>>:

W full if both exist

W side if only v side exists

W corner if only v corner exists

W n
v if neitherexists

(26)

7



4. Computeestimatesof F d suitablefor computing1D °ux derivatives@F d

@xd usinga
Riemannsolverfor the interior, R, and for the boundary, RB .

F 1D
f = R(Wv ¡ (f );+ ;d; Wv + (f );¡ ;d; d)

j RB (Wv ¡ (f );+ ;d; (i +
1
2

ed)h; d)

j RB (Wv + (f );¡ ;d; (i +
1
2

ed)h; d)

d = dir (f )

(27)

5. Computethe covered°uxesF 1D;covered

F 1D, covered
v ;+ ;d = R(Wv ;+ ;d; W covered

v ;+ ;d ; d)

F 1D, covered
v ;¡ ;d = R(W covered

v ;¡ ;d ; Wv ;¡ ;d; d)
(28)

6. Compute¯nal correctionsto Wi ;§ ;d due to the ¯nal transversederivatives. For
regular cells,this takesthe following form.

W
n+ 1

2
i ;§ ;d = nWi ;§ ;d ¡

¢ t
2h

r UW ¢(F 1D
i + 1

2 ed1 ¡ F 1D
i ¡ 1

2 ed1 ) (29)

d 6= d1; 0 · d;d1 < D

(30)

For irregular cells,we computethe transversederivativesand usethem to correct
the extrapolatedvaluesof U andobtaintime-centered°uxesat centersof Cartesian
faces.In two dimensions,this takesthe form

D d;? Fv =
1
h

( ¹Fv ;+ ;d1 ¡ ¹Fv ;¡ ;d1 )

¹Fv ;§ ;d0 =

8
<

:

1
N

v ;§ ;d 0

P
f 2F

v ;§ ;d 0
F 1D

f ;§ ;d0 if Nv ;§ ;d0 > 0

F 1D, covered
v ;§ ;d0 otherwise

d 6= d1; 0 · d;d1 < D

W
n+ 1

2
v ;§ ;d = Wv ;§ ;d ¡

¢ t
2

r UW(D d;? Fv )

(31)

Extrapolate to coveredfaceswith the proceduredescribed above usingW
n+ 1

2
¢;¨ ;d to

form W
n+ 1

2 ;covered
¢;§ ;d .
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7. Computethe °ux estimate.

F
n+ 1

2
f = R(W

n+ 1
2

v ¡ (f );+ ;d; W
n+ 1

2
v + (f );¡ ;d; d)

j RB (W
n+ 1

2
v ¡ (f );+ ;d; (i +

1
2

ed)h; d)

j RB (W
n+ 1

2
v + (f );¡ ;d; (i +

1
2

ed)h; d)

F
n+ 1

2 ;covered
v ;¡ ;d = R(W

n+ 1
2 ;covered

v ;+ ;d ; W
n+ 1

2
v ;¡ ;d; d)

F
n+ 1

2 ;covered
v ;+ ;d = R(W

n+ 1
2

v ;+ ;d; W
n+ 1

2 ;covered
v ;+ ;d ; d)

(32)

8. Modify the °ux with arti¯cial viscosity wherethe °ow is compressive.

5.2 Flux Estimation in Three Dimensions

1. Transform to primitive variables.

W n
v = W(Un

v ) (33)

2. Computeslopes¢ dWv . This is described separately in section6.

3. Computethe e®ectof the normal derivativeterms and the sourceterm on the
extrapolation in spaceand time from cell centersto faces.For 0 · d < D ,

Wv ;§ ;d = W n
v +

1
2

(§ I ¡
¢ t
h

Ad
v )P§ (¢ dWv )

Ad
v = Ad(Wv )

P§ (W) =
X

§ ¸ k > 0

(lk ¢W)r k

Wv ;§ ;d = Wv ;§ ;d +
¢ t
2

r UW ¢Sn
v

(34)

where¸ k are eigenvaluesof Ad
i , and lk and r k are the correspondingleft and right

eigenvectors.

We thenextrapolateto the coveredfaces.De¯ne the directionof the facenormal to
be df andd1; d2 to be the directionstangentialto the face. The proceduredevelops
asfollows

² We de¯ne the associatedvofs.

² We form a 2x2grid of valuesalonga planeh away from the coveredfaceand
bilinearly interpolate to the point wherethe normal intersectsthe plane.

² We usethe slopes of the solution to extrapolate along the normal to get a
second-order approximationof the solutionat the coveredface.
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Whichplaneis selectedis determinedby the directionof the normal. If anyof these
VoFsdoesnot havea monotonepath to the originalVoF v, we droporderthe order
of interpolation.

If jnf j ¸ jnd1 j and jndf j ¸ jnd2 j:

v00 = ind ¡ 1(ind(v) + sdf edf )

v10 = ind ¡ 1(ind(v) + sd1 ed1 )

v01 = ind ¡ 1(ind(v) + sd2 ed2 )

v11 = ind ¡ 1(ind(v) + sd1 ed1 + sd2 ed2 )

W 00 = Wv 00 ;¨ ;df ¡ sdf ¢ df Wv 00

W 10 = Wv 10 ;¨ ;df

W 01 = Wv 01 ;¨ ;df

W 11 = Wv 11 ;¨ ;df

(35)

We form a bilinear function W(xd1 ; xd2 ) in the planeformed by the four facesat
whichthe valueslive:

W(xd1 ; xd2 ) = Ax d1 + Bxd2 + Cxd1 xd2 + D

A = sd1 (W 10 ¡ W 00)

B = sd2 (W 01 ¡ W 00)

C = sd1 sd2 (W 11 ¡ W 00) ¡ (W 10 ¡ W 00) ¡ (W 01 ¡ W 00)

D = W 00

(36)

We then extrapolate to the coveredface from the point on the planewherethe
normal intersects

W full = W(sd1
jnd1 j
jndf j

; sd2
jnd2 j
jndf j

) ¡ ¢ df Wv 00 ¡ sd1
jnd1 j
jndf j

¢ d1 Wv 10 ¡ sd2
jnd2 j
jndf j

¢ d2 Wv 01

(37)
Otherwise(assumejnd1 j ¸ jndf j and jnd1 j ¸ jnd2 j):

v00 = ind ¡ 1(ind(v) + sd1 ed1 )

v10 = ind ¡ 1(ind(v) + sd1 ed1 ) ¡ sdf edf

v01 = ind ¡ 1(ind(v) + sd1 ed1 ) + sd2 ed2

v11 = ind ¡ 1(ind(v) + sd1 ed1 ¡ sdf edf + sd2 ed2

W 00 = Wv 00 ;¨ ;df

W 10 = Wv 10 ;¨ ;df

W 01 = Wv 01 ;¨ ;df

W 11 = Wv 11 ;¨ ;df

(38)
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We form a bilinear function W(xd1 ; xd2 ) in the planeformed by the four facesat
which the valueslive. This is shown in equation36. We then extrapolate to the
coveredfacefrom the point on the planewherethe normal intersects

W full = W(sdf
jndf j
jnd1 j

; sd2
jnd2 j
jnd1 j

) ¡ ¢ d1 Wv 00 ¡ sdf
jndf j
jnd1 j

¢ df Wv 10 ¡ sd2
jnd2 j
jnd1 j

¢ d2 Wv 01

(39)
In eithercase,

W covered
v ;§ ;d =

(
W full if all four VoFsexist

W n
v otherwise

(40)

4. Computeestimatesof F d suitablefor computing1D °ux derivatives@F d

@xd usinga
Riemannsolverfor the interior, R, and for the boundary, RB .

F 1D
f = R(Wv ¡ (f );+ ;d; Wv + (f );¡ ;d; d)

j RB (Wv ¡ (f );+ ;d; (i +
1
2

ed)h; d)

j RB (Wv + (f );¡ ;d; (i +
1
2

ed)h; d)

d = dir (f )

(41)

5. Computethe covered°uxesF 1D;covered

F 1D, covered
v ;+ ;d = R(Wv ;+ ;d; W covered

v ;+ ;d ; d)

F 1D, covered
v ;¡ ;d = R(W covered

v ;¡ ;d ; Wv ;¡ ;d; d)
(42)

6. Computecorrectionsto Ui ;§ ;d corresponding to one set of transversederivatives
appropriate to obtain (1; 1; 1) diagonalcoupling. This step is only meaningfulin
three dimensions. We compute1D °ux di®erences,and use them to compute
Uv ;§ ;d1 ;d2 , the d1-edge-centeredstate partially updatedby the e®ectof derivatives
in the d1; d2 directions.

D 1D
d F 1D

v =
1
h

( ¹F 1D
v ;+ ;d ¡ ¹F 1D

v ;¡ ;d)

¹Fv ;§ ;d =

8
<

:

1
N§ ;d

(
P

f 2F v ;§ ;d

F 1D
f ) if Nv ;§ ;d > 0

F 1D, covered
v ;§ ;d otherwise

(43)

Wv ;§ ;d1 ;d2 = Wv ;§ ;d1 ¡
¢ t
3

r UW(D 1D
d2

F 1D)v (44)
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We then extrapolate to coveredfaceswith the proceduredescribed above using
W¢;§ ;d1 ;d2 to form W covered;d

¢;§ ;d1 ;d2
andcomputean estimateto the °uxes:

Ff ;d1 ;d2 = R(Wv ¡ (f );+ ;d1 ;d2 ; Wv + (f );¡ ;d1 ;d2 ; d1)

j RB (Wv ¡ (f );+ ;d1 ;d2 ; (i +
1
2

ed)h; d1)

j RB (Wv + (f );¡ ;d1 ;d2 ; (i +
1
2

ed)h; d1)

d = dir (f )

F covered
v ;¡ ;d1 ;d2

= R(W covered
v ;¡ ;d1;d2; Wv ;¡ ;d1 ;d2 ; d1)

F covered
v ;+ ;d1 ;d2

= R(Wv ;+ ;d1;d2; W covered
v ;+ ;d1 ;d2

; d1)

(45)

7. Compute¯nal correctionsto Wi ;§ ;d due to the ¯nal transversederivatives. We
computethe 2D transversederivativesand usethem to correct the extrapolated
valuesof U andobtain time-centered°uxesat centersof Cartesianfaces.In three
dimensions,this takesthe form:

D d;? Fv =
1
h

( ¹Fv ;+ ;d1 ;d2 ¡ ¹Fv ;¡ ;d1 ;d2 + ¹Fv ;+ ;d2 ;d1 ¡ ¹Fv ;¡ ;d2 ;d1 )

¹Fv ;§ ;d0;d00 =

8
<

:

1
N

v ;§ ;d 0

P
f 2F

v ;§ ;d 0
Ff ;§ ;d0;d00 if Nv ;§ ;d0 > 0

F covered
v ;§ ;d0;d00 otherwise

d 6= d1 6= d2 0 · d;d1; d2 < D

W
n+ 1

2
v ;§ ;d = Wv ;§ ;d ¡

¢ t
2

r UW(D d;? Fv )

(46)

We then extrapolate to coveredfaceswith the proceduredescribed above using

W
n+ 1

2
¢;§ ;d to form W

n+ 1
2 ;covered;d

¢;§ ;d .

8. Computethe °ux estimate.

F
n+ 1

2
f = R(W

n+ 1
2

v ¡ (f );+ ;d; W
n+ 1

2
v + (f );¡ ;d; d)

j RB (W
n+ 1

2
v ¡ (f );+ ;d; (i +

1
2

ed)h; d)

j RB (W
n+ 1

2
v + (f );¡ ;d; (i +

1
2

ed)h; d)

F
n+ 1

2 ;covered
v ;¡ ;d = R(W

n+ 1
2 ;covered

v ;+ ;d ; W
n+ 1

2
v ;¡ ;d; d)

F
n+ 1

2 ;covered
v ;+ ;d = R(W

n+ 1
2

v ;+ ;d; W
n+ 1

2 ;covered
v ;+ ;d ; d)

(47)

9. Modify the °ux with arti¯cial viscosity wherethe °ow is compressive.
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5.3 Mo di¯ciations for R-Z Computations

For R-Z calculations,we make someadjustmentsto the algorithm. Speci¯cally, we sep-
arate the radialpressureforce asa separate °ux. This makesfree-streampreservationin
the radial directioneasierto achieve. For this section,we will con¯ne ourselvesto the
compressibleEulerequations.

5.3.1 Equations of Motion

The compressibleEulerequationsin R-Z coordinatesare givenby

@U
@t

+
1
r

@(rF r )
@r

+
1
r

@(rF z)
@z

+
@H
@r

+
@H
@z

= 0 (48)

where

U = (½;½ur ; ½uz; ½E)T

F r = (½ur ; ½u2r ; ½ur uz; ½ur (E + p))T

F z = (½uz; ½ur uz; ½u2z; ½uz(E + p))T

H = (0; p;p;0)T

(49)

5.3.2 Flux Divergence Approximations

In section4, we describe our solutionupdatestrategyandthis remainslargelyunchanged.
Our update still takes the form of equation16 and redistributionstill takes the form of
equation18. The de¯nitions of the divergenceapproximationsdo change,however. The
volumeof a full cell ¢ Vj is givenby

¢ Vj = (j +
1
2

)h3 (50)

where(i; j ) = ind ¡ 1(v). De¯ne · vol
v to be the real volumeof the cell that the VoF

occupies.

· vol
v =

1
¢ V

Z

¢ v

r drdz =
1

¢ V

Z

@¢ v

r 2

2
nr dl (51)

· vol
v =

h
2¢ V

((®r 2)f (v ;+ ;r ) ¡ (®r 2)f (v ;¡ ;r ) ¡ ®B ¹r 2
±v nr ) (52)

The conservativedivergenceof the °ux in RZ is givenby

(D ¢~F )c
v =

h
¢ V· vol

v
((r ¹F r ®)f (v ;+ ;r ) ¡ (r ¹F r ®)f (v ;¡ ;r )

+( ¹r ¹F z®)f (v ;+ ;z) ¡ (¹r ¹F z®)f (v ;¡ ;z))
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µ
@H
@r

¶ c

=
1

· v h2

Z
@H
@r

drdz =
1

· v h2

Z
H nr dl

µ
@H
@z

¶ c

=
1

· v h2

Z
@H
@z

drdz =
1

· v h2

Z
H nzdl

We always dealwith thesedivergencesin a form multipliedby the volumefraction · .

· v (D ¢~F )c
v =

h· v

¢ V· vol
v

((r ¹F r ®)f (v ;+ ;r ) ¡ (r ¹F r ®)f (v ;¡ ;r )

+( ¹r ¹F z®)f (v ;+ ;z) ¡ (¹r ¹F z®)f (v ;¡ ;z))

· v

µ
@H
@r

¶ c

=
1
h2

Z
H nr dl =

1
h

((H ®)f (v ;+ ;r ) ¡ (H ®)f (v ;¡ ;r ))

· v

µ
@H
@z

¶ c

=
1
h2

Z
H nzdl =

1
h

((H ®)f (v ;+ ;z) ¡ (H ®)f (v ;¡ ;z))

where ¹F hasbeeninterpolatedto facecentroidswhere® denotesthe ordinary areafrac-
tion. The nonconservativedivergenceof the °ux in RZ is givenby

(D ¢~F )nc
v =

1
hr v

((rF r )f (v ;+ ;r ) ¡ (rF r )f (v ;¡ ;r ))

+
1
h

(F z
f (v ;+ ;z) ¡ F z

f (v ;¡ ;z))

µ
@H
@r

¶ nc

=
1
h

(H f (v ;+ ;r ) ¡ H f (v ;¡ ;r ))
µ

@H
@z

¶ nc

=
1
h

(H f (v ;+ ;z) ¡ H f (v ;¡ ;z))

5.3.3 Primitive Variable Form of the Equations

In the predictor step, we usethe nonconservativeform of the equationsof motion. See
CourantandFriedrichs[CF48]for derivations.

@W
@t

+ A r @W
@r

+ Az @W
@z

= S (53)

where

W = (½;ur ; uz; p)T

S =
³

¡ ½
ur

r
; 0; 0; ¡ ½c2

ur

r

´ T
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A r =

0

B
B
@

ur ½ 0 0
0 ur 0 1

½

0 0 ur 0
0 ½c2 0 ur

1

C
C
A

A r =

0

B
B
@

uz ½ 0 0
0 uz 0 0
0 0 uz

1
½

0 0 ½c2 uz

1

C
C
A

5.3.4 Flux Registers

Re°uxingis the balancingthe °uxes at coarse-¯ne interfacesso the coarse sideof the
interfaceis usingthe same°ux as the integralof the ¯ne °uxesover the samearea. In
this way, we maintain strong massconservationat coarse-¯ne interfaces. As shown in
equation,5.3.2, the conservativedivergencein cylindricalcoordinatesis hasa di®erenct
form than in Cartesiancoordinates. It is therefore necessary to describe the re°uxing
operationspeci¯cally for cylindricalcoordinates.

Let ~F comp = f ~F f ; ~F c;val id g be a two-levelcompositevector ¯eld. We want to de¯ne
a composite divergenceD comp( ~F f ; ~F c;val id )v , for v 2 V c

val id . We do this by extending
F c;val id to the facesadjacentto v 2 V c

val id , but are coveredby F f
val id .

< F f
z > f c

=
µ

· v c

· vol
v c

¢ Vv c

¶ µ
h2

(nr ef )(D ¡ 1)

¶ X

f 2C¡ 1
n r ef ( f c )

(¹r®)f ( ¹F z + ¹H )f

< F f
r > f c

=
µ

· v c

· vol
v c

¢ Vv c

¶ µ
h2

(nr ef )(D ¡ 1)

¶ X

f 2C¡ 1
n r ef (f c )

(r®)f (F r + H )f

F c
r ;f c

=
µ

· v c

· vol
v c

¢ Vv c

¶
(h2(r®)f c

)(F r + H )f c

F c
z;f c

=
µ

· v c

· vol
v c

¢ Vv c

¶
(h2(¹r®)f c

)( ¹F z + ¹H )f c

f c 2 ind ¡ 1(i +
1
2

ed); i +
1
2

ed 2 ³ f
d;+ [ ³ f

d;¡

³ f
d;§ = f i §

1
2

ed : i § ed 2 ­ c
val id ; i 2 Cn r ef (­ f )g

The VoF v c is the coarsevolumethat is adjacentto the coarse-¯ne interfaceand r v c is
the radiusof its cell center.Thenwe cande¯ne (D ¢~F )v ; v 2 Vc

val id , usingthe expression
above, with ~Ff = < F f

d > on facescoveredby F f . We can expressthe composite
divergencein termsof a leveldivergence,plusa correction. We de¯nea °ux register±~F f ,
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associatedwith the ¯ne level

±~F f = (±F f
0;:::±F f

D ¡ 1)

±F f
d : ind ¡ 1(³ f

d;+ [ ³ f
d;¡ ) ! Rm

If ~F c is anycoarselevelvector ¯eld that extends~F c;val id , i.e. F c
d = F c;val id

d on F c;d
val id then

for v 2 Vc
val id

D comp( ~F f ; ~F c;val id )v = (D ~F c)v + DR(±~F c)v (54)

Here±~F f is a °ux register,set to be

±F f
d = < F f

d > ¡ F c
d on ind ¡ 1(³ c

d;+ [ ³ c
d;¡ ) (55)

DR is the re°ux divergenceoperator. For valid coarsevofsadjacentto ­ f it is givenby

· v (DR±~F f )v =
D ¡ 1X

d=0

(
X

f :v = v + (f )

±F f
d;f ¡

X

f :v = v ¡ (f )

±F f
d;f ) (56)

For the remainingvofs in Vf
val id ,

(DR±~F f ) ´ 0 (57)

We then addthe re°ux divergenceto adjust the coarsesolutionUc to preserveconserva-
tion.

Uc
v += · v (DR(±F ))v (58)

5.4 Arti¯cal Viscosity

The arti¯cial viscosity coe±cient is K 0, the velocity is ~u andd = dir (f ).

(D~u)f = (ud
v + (f ) ¡ ud

v ¡ (f )) +
X

d06= d

1
2

(¢ d
0

ud
0

v + (f ) + ¢ d
0

ud
0

v ¡ (f ))

K f = K 0 max(¡ (D~u)f ; 0)

F
n+ 1

2
f = F

n+ 1
2

f ¡ K f (Un
v + (f ) ¡ Un

v ¡ (f ))

F covered
v ;§ ;d = F covered

v ;§ ;d ¡ K f (Un
v + (f ) ¡ Un

v ¡ (f ))

We modify the coveredface with the samedivergenceusedin the adjacentuncovered
face.

F covered
v ;§ ;d = F covered

v ;§ ;d ¡ K f (Un
v + (f ) ¡ Un

v ¡ (f ))

f = f (v; ¨ ; d)

This has the e®ectof negatingthe e®ectof arti¯cial viscosity on the non-conservative
divergenceof the °ux at irregular cells. We describe later that the solid wall boundary
conditionat the embeddedboundary is alsomodi¯ed with arti¯cial viscosity.
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6 Slope Calculation

We will use the 4th order slope calculationin Colellaand Glaz [CG85] combinedwith
characteristiclimiting.

¢ dWv = ³v
e¢ dWv

e¢ dWv = ¢ vL (¢ B Wv ; ¢ L Wv ; ¢ RWv ) j ¢ d
2Wv j ¢ d

2Wv

¢ d
2Wv = ¢ vL (¢ CWv ; ¢ L Wv ; ¢ RWv ) j ¢ V LL Wv j ¢ V LR Wv

¢ B Wv =
2
3

((W ¡
1
4

¢ d
2W) << ed)v ¡ ((W +

1
4

¢ d
2W) << ¡ ed)v )

¢ CWv =
1
2

((W n << ed)v ¡ (W n << ¡ ed)v )

¢ L Wv = W n
v ¡ (W n << ¡ ed)v

¢ RWv = (W n << ed)v ¡ W n
v

¢ 3L Wv =
1
2

(3W n
v ¡ 4(W n << ¡ ed)v + (W n << ¡ 2ed)v )

¢ 3RWv =
1
2

(¡ 3W n
v + 4(W n << ed)v ¡ (W n << 2ed)v )

¢ V LL Wv =

(
min(¢ 3L Wv ; ¢ L

v ) if ¢ 3L Wv ¢¢ L Wv > 0

0 otherwise

¢ V LR Wv =

(
min(¢ 3RWv ; ¢ R

v ) if ¢ 3RWv ¢¢ RWv > 0

0 otherwise

At domainboundaries,¢ L Wv and¢ RWv may be overwrittenby the application.There
are two versionsof the van Leerlimiter ¢ vL (±WC ; ±WL ; ±WR) that are commonlyused.
Oneis to applya limiter to the di®erencesin characteristicvariables.

1. Computeexpansionof one-sidedandcentereddi®erencesin characteristicvariables.

®k
L = lk ¢±WL (59)

®k
R = lk ¢±WR (60)

®k
C = lk ¢±W (61)

2. Apply vanLeerlimiter

®k =

(
min(2 j ®k

L j; 2 j ®k
R j; j ®k

C j) if ®k
L ¢®k

R > 0

0 otherwise
(62)

3. ¢ vL =
P

k ®kr k
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Here,lk = lk(W n
i ) and r k = r k(W n

i ).
For a variety of problems,it su±cesto apply the van Leerlimiter componentwiseto

the di®erences.Formally, this canbe obtain from the more generalcaseaboveby taking
the matricesof left and right eigenvectors to be the identity.

Finally, we givethe algorithm for computingthe °attening coe±cient ³ i . We assume
that there is a quantity corresponding to the pressurein gas dynamics(denotedhere
as p) which can act as a steepnessindicator, and a quantity correspondingto the bulk
modulus(denotedhereasK , givenas° p in a gas),that canbeusedto non-dimensionalize
di®erencesin p.

³v =

(
min

0· d< D
³ d

v if
P D ¡ 1

d=0 ¢ d
1ud

v < 0

1 otherwise
(63)

³ d
v = min 3(e³ d; d)v

e³ d
v = ´ (¢ d

1pv ; ¢ d
2pv ; min 3(K ; d)v )

¢ d
1pv = ¢ Cpv j ¢ L pv j ¢ Rpv

¢ d
2pv = (¢ d

1p<< ed)v + (¢ d
1p<< ¡ ed)v j 2¢ d

1pv j 2¢ d
1pv

The functionsmin 3 and³ are givenbelow.

min 3(q; d)v = min((q<< ed)v ; qv ; (q<< ¡ ed)v ) j minqv ; (q<< ¡ ed)v ) j min(q<< ed)v ; qv )

³ (±p1; ±p2; p0) =

8
>><

>>:

0 if j±p1 j
p0

> d and j±p1 j
j±p2 j > r1

1 ¡
j ±p1 j
j ±p2 j ¡ r 0

r 1 ¡ r 0
if j±p1 j

p0
> d andr1 ¸ j±p1 j

j±p2 j > r0

1 otherwise

r0 = 0:75; r 1 = 0:85; d = 0:33
(64)

Note that min 3 is not the minimimoverall availableVoFsbut involvesthe minimumof
shiftedVoFswhichincludesan averagingoperation.

7 Computing °uxes at the irregular boundary

The °ux at the embeddedboundary is centeredat the centroidof the boundary ¹x. We
extrapolatethe primitive solutionin spacefrom the cell center.We then transform to the
conservativesolutionandextrapolate in time usingthe stable,non-conservativeestimate
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of the °ux divergencedescribed in equation14.

Wv ;B = W n
v +

D ¡ 1X

d=0

( ¹xd¢ dW n
v ) (65)

U
n+ 1

2
v ;B = U(Wv ;B ) ¡

¢ t
2

(D ¢~F )N C (66)

F
n+ 1

2
v ;B = RB (U

n+ 1
2

v ;B ; n B
v ) (67)

If we are usingsolid-wall boundary condtionsat the irregular boundary, we calculatean
approximationof the divergenceof the velocity at the irregular cell D(~u)v and useit to
modify the °ux to be consistentwith arti¯cial viscosity. The d-directionmomentum°ux
at the irregular boundary is givenby ¡ pr nd wherepr is the pressureto emergefrom the
Riemannsolutionin equation67. For arti¯cial viscosity, we modify this °ux asfollows.

(D~u)v =
D ¡ 1X

d0=0

¢ d
0

ud
0

v

pr = pr ¡ 2K 0 max(¡ (D~u)v ; 0)~u ¢n̂

8 Class Hierarchy

The principalEBAMRGodunovclassesfollow.

² EBAMRGodunov, the AMRLevel-derivedclasswhichis drivenby the AMRclass.

² EBLevelGodunov, a classownedby AMRGodunov. EBLevelGodunovadvancesthe
solutionon a leveland can exist outsidethe context of an AMR hierarchy. This
classmakespossibleRichardsonextrapolation for error estimation.

² EBPatchGodunov, is a baseclasswhich encapsulatesthe operationsrequiredto
advancea solutionon a singlepatch.

² EBPhysIBCis a baseclasswhich encapsulatesinitial conditionsand °ux-based
boundary condtions.

8.1 Class EBAMRGodunov

EBAMRGodunovis the AMRLevel-derivedclasswith whichthe AMRclasswill directlyinter-
act. Its userinterfaceis therefore constrainedby the AMRLevelinterface.The important
data membersof the EBAMRGodunovclassare asfollows.

² LevelData<EBCellFAB> m_state_old, m_state_new;

The state data at old and newtimes. Both needto be kept becausesubcyclingin
time requirestemporal interpolation.
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² Real m_cfl, m_dx;

CFL number andgrid spacingfor this level.

² EBPWLFineInterp m_fine_interp;

Interpolation operator for re¯ning data duringregriddingthat werepreviouslyonly
coveredby coarserdata.

² EBCoarseAveragem_coarse_average;

This is the averagingoperator whichreplacesdataoncoarserlevelswith the average
of the data on this levelwherethey coincidein space.

² RefCountedPtr<EBPhysIBC>m_phys_ibc_ptr;

This boundary condition operator provides°ux-basedboundary data at domain
boundariesandalsoprovidesinitial conditions.

The EBAMRGodunovimplementationof the AMRLevelcurrentlydoesthe following for
eachof the important interfacefunctions.

² Real EBAMRGodunov::advance()

This function advancesthe conservativestate by one time step. It calls the
EBLevelGodunov::step function. The timestepreturnedby that functionisstored
in member data.

² void EBAMRGodunov::postTimeStep()

This function calls re°uxing from the next ¯ner leveland averagesits solutionto
the next ¯ner level.

² void regrid(const Vector<Box>& a_new_grids)

This function changesthe union of rectanglesoverwhich the data is de¯ned. At
placeswherethe two setsof rectanglesintersect,thedataiscopiedfromtheprevious
set of rectangles.At placeswheretherewasonly data from the next coarserlevel,
piecewiselinear interpolation is usedto ¯ll the data.

² void initialData()

In this functionthe initial state is ¯lled by callingm_phys_ibc_ptr->initialize .

² void computeDt()

This function returnsthe timestepstored duringthe advance() call.

² void computeInitialDt()

This function calculatesthe time stepusingthe maximumwavespeedreturnedby
a EBLevelGodunov::getMaxWaveSpeedcall. De¯ne the maximumwavespeedto
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be w and the initial timestepmultiplier to be K and the grid spacingat this level
to be h,

¢ t =
K h
w

: (68)

² DisjointBoxLayout loadBalance(const Vector<Box>& a_grids)

Callsthe Chombo loadbalancerto createthe returnedlayout.

8.2 Class EBLevelGodunov

EBLevelGodunovis a classownedby AMRGodunov. EBLevelGodunovadvancesthe so-
lution on a levelandcanexistoutsidethe contextof an AMR hierarchy. This classmakes
possibleRichardsonextrapolation for error estimation. The important functionsof the
public interfaceof EBLevelGodunovfollow.

² void define(const DisjointBoxLayout& a_thisDBL,
const DisjointBoxLayout& a_coarDBL,
const EBISLayout& a_thisEBISL,
const EBISLayout& a_coarEBISL,
const RedistSTencil& a_redStencil,
const Box& a_DProblem,
const int& a_numGhost,
const int& a_nRefine,
const Real& a_dx,
const EBPatchGodunov*const a_integrator,
const bool& a_hasCoarser,
const bool& a_hasFiner);

De¯nethe internaldatastructures.For the coarsestlevel,anempty DisjointBoxLay-
out is passedin for coaserDisjointBoxLayout.

{ a_thisDBL, a_coarDBLThe layouts at this leveland the next coarserlevel.
For thecoarsestlevel,anempty DisjointBoxLayout ispassedin for coarDBL.

{ a_DProblem, a_dx The problemdomainandgrid spacingat this level.

{ a_nRefine The re¯nementratio betweenthis levelandthe next coarserlevel.

{ a_numGhostThe number of ghostcells(assumedto be isotropic)requiredto
advancethe solution.

{ a_bcBoundary conditionsandinitial conditionsareencapsulatedin thisobject.

² Real step(LevelData<EBCellFAB>& a_U,
LevelData<BaseIVFAB<Real> >& a_massDiff,
EBFluxRegister& a_coarFluxRegister,
EBFluxRegister& a_fineFluxRegister
const LevelData<EBCellFAB>& a_UCoarseOld,
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const LevelData<EBCellFAB>& a_UCoarseNew,
const Real& a_time,
const Real& a_TCold,
const Real& a_TCNew,
const Real& a_dt);

Advancethe solutionat this timeStepfor onetime step.

{ a_UCoarseOld, a_UCoarseNewThe solutionat the next coarserlevelat the
old andnewcoarsetimes.

{ a_time, a_TCold, a_TCNewThe time of this solution(before the advance)
and the old andnewcoarsesolutiontimes.

{ a_dt The time stepat this level.

{ a_UThe solutionat this level.

{ a_massDiff Redistributionmass.

{ a_coarFluxRegister, a_fineFluxRegisters The °ux registersbetween
this leveland the adjacentlevels.

² Real getMaxWaveSpeed(constLevelData<EBCellFAB>& a_state);

Returnthe maximumwavespeedof input a_state for purposesof limiting the time
step.

8.3 Class EBPatchGodunov

The base class EBPatchGodunovprovides a skeleton for the application-dependent
piecesof a second-order unsplit Godunov method. The virtual functionsare calledby
EBLevelGodunov, whichmanagesthe overallassemblyof the second-orderunsplit°uxes.
As part of EBPatchGodunov, we providesomemember functions(slope, °attening), that
weexpect to beusefulacrossapplications,but requireeithervirtual functionsor parameter
information by the user.

Thereare threetypesof grid variablesthat appear in the unsplitGodunovmethod in
section(??): conservedquantities,primitive variables,and °uxes, denotedbelow by U,
q, F, respectively. It is often convenientto havethe number of componentsfor primitive
variablesand for °uxes exceedthat for conservedquantities. In the caseof primitive
variables,redundantquantitiesare carriedthat parameterizethe equationof statein order
to avoidmultiplecallsto that function. In the caseof °uxes,it is oftenconvenientto split
the °ux for somevariablesinto multiple components,e.g., dividingthe momentum°ux
into advectiveand pressureterms. The API givenhereprovidesthe °exibility to support
thesevariousoptions.
ConstructionMethods:

² void setPhysIBC(RefCountedPtr<EBPhysIBC> a_bc)

Set the boundary condtionpointer of the integrator.

22



² virtual void define(
const Box& a_domain,
const Real& a_dx);

Set the domainvariablesfor this level.

² virtual EBPatchGodunov*new_patchGodunov= 0;

Factory method. Return pointer to new PatchGodunovobject with its boundary
condtionsde¯ned.

EBLevelGodunovAPI: (Translation:theseare the only thingsthat actuallyget calledby
EBLevelGodunov.

² virtual void
regularUpdate(EBCellFAB& a_consState,

EBFluxFAB& a_flux,
BaseIVFAB<Real>&a_nonConservativeDivergence,
const EBCellFAB&a_source,
const Box& a_box);

Update the state using °ux di®erencethat ignores EB. Store °uxes usedin this
updateStore non-conservativedivergence.Fluxcomingout of htis this shouldexist
at cell facecenters.

² interpolateFluxToCentroids(BaseIFFAB<Real> a_centroidFlux[SpaceDim],
const BaseIFFAB<Real>* const a_fluxInterpolant[SpaceDim],
const IntVectSet& a_irregIVS);

Interpolatescell-facecentered°uxes to centroidsover irregular cells. Flux going
into this shouldexistat cell facecenters.

² virtual void
irregularUpdate(EBCellFAB& a_consState,

Real& a_maxWaveSpeed,
BaseIVFAB<Real>& a_massDiff,
const BaseIFFAB<Real> a_centroidFlux[SpaceDim],
const BaseIVFAB<Real>&a_nonConservativeDivergence,
const Box& a_box,
const IntVectSet& a_ivs);

Update the stateat irregular VoFsandcomputemassdi®erenceandthe maximum
wavespeedoverthe entirebox. Flux goinginto this shouldexistat VoF centroids.

² virtual Real getMaxWaveSpeed(
const EBCellFAB&a_U,
const Box& a_box)= 0;

Returnthe maximumwavespeedon overthis patch.
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² void setValidBox(const Box& a_validBox,
const EBISBox&a_ebisbox,
const Real& a_time,
const Real& a_dt);

Set the valid box of the patch.

Virtual interface:

² virtual void consToPrim(EBCellFAB& a_primState,
const EBCellFAB&a_conState) = 0;

Computethe primitive state giventhe conservedstate. Wi = W(Ui ).

² virtual void incrementWithSource(
EBCellFAB& a_primState,
const EBCellFAB&a_source,
const Real& a_scale,
const Box& a_box) = 0;

Incrementtheprimitivevariablesby thesourceterm,asin (34). a_scale = 0.5*dt .

² virtual void normalPred(EBCellFAB& a_qlo,
EBCellFAB& a_qhi,
const EBCellFAB&a_q,
const EBCellFAB&a_dq,
const Real& a_scale,
const int& a_dir,
const Box& a_box) = 0;

Extrapolate in the low and high directionfrom q, as in (34). A default implemen-
tation is providedwhichassumesthe existenceof the virtual functionslimit .

² virtual void riemann(EBFaceFAB& a_flux,
const EBCellFAB&a_qleft,
const EBCellFAB&a_qright,
const int& a_dir,
const Box& a_box) = 0;

virtual void riemann(BaseIVFAB<Real>& a_coveredFlux,
const BaseIVFAB<Real>&a_extendedState,
const EBCellFAB& a_primState,
const IntVecSet& a_coveredFace,
const int& a_dir,
const Side::LoHiSide& a_sd) = 0;

Giveninput left andright states,computea suitably-upwinded°ux (e.g. by solving
a Riemannproblem),as in equattion41.

² virtual void updateCons(EBCellFAB& a_conState,
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const EBFaceFAB& a_flux,
const BaseIVFAB<Real>&a_coveredFluxMinu,
const BaseIVFAB<Real>&a_coveredFluxPlus,
const IntVecSet& a_coveredFaceMinu,
const IntVecSet& a_coveredFacePlus,
const int& a_dir,
const Box& a_box,
const Real& a_scale) = 0;

Giventhe valueof the °ux, update the conservedquantitiesand modify in place
the °ux for the purposeof passingit to a EBFluxRegister .

consstate_i +=a_scale*(flux_i-1/2 - flux_i+1/2)

.

² virtual void updatePrim(EBCellFAB& a_qminus,
EBCellFAB& a_qplus,
const EBFaceFAB& a_flux,
const BaseIVFAB<Real>&a_coveredFluxMinu,
const BaseIVFAB<Real>&a_coveredFluxPlus,
const IntVecSet& a_coveredFaceMinu,
const IntVecSet& a_coveredFacePlus,
const int& a_dir,
const Box& a_box,
const Real& a_scale) = 0;

Givena_flux , thevalueof the°ux in thedirectiona_dir , updateq_plus, q_minus,
the extrapolatedprimitive quantities,as in (??,29,30).

primstate_i += a_scale*Grad_W U(flux_i-1/2 - flux_i+1/2)

² virtual void applyLimiter(EBCellFAB& a_dq,
const EBCellFAB&a_dql,
const EBCellFAB&a_dqr,
const int& a_dir,
const Box& a_box) = 0;

Givenleft and right one-sidedundivideddi®erencesa_dql,a_dqr , applyvan Leer
limiter vL de¯ned in section(6) to a_dq. Calledby the default implementationof
EBPatchGodunov::slope.

² virtual int numPrimitives() const = 0;

Returnsnumber of componentsfor primitive variables.

² virtual int numFluxes() const = 0;

Returnsnumber of componentsfor °ux variables.
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² virtual int numConserved() const = 0;

Returnsnumber of componentsfor conservedvariables.

² virtual Interval velocityInterval() const = 0;

Returnsthe intervalof component indicesin the primitive variableEBCellFABfor
the velocities.

² virtual int pressureIndex() const = 0;

Returnsthe component indexfor the pressure.Calledonly if °attening is used.

² virtual int bulkModulusIndex() const = 0;

Returnsthe component index for the bulk modulus, usedas a normalization to
measureshock strengthin °attening. Calledonly if °attening is used.

² virtual Real artificialViscosityCoefficient() const = 0;

Returnsvalueof arti¯cial viscosity. Calledonly if arti¯cial viscosity is beingused.

Usefulmember functions:

² void slope(EBCellFAB& a_dq,
const EBCellFAB&a_q,
const EBCellFAB&a_flattening,
int a_dir,
const Box& a_box) const;

Computethe limitedslopea_dqof the primitivevariablesa_qfor the componentsin
the intervala_interval , usingthe algorithm described in (6). Callsuser-supplied
EBPatchGodunov::applyLimiter .

² void getFlattening(const EBCellFAB&a_q);

Computesthe°atteningcoe±cient (63) andstoresit in thememberdatam_flatcoef .
Calledfrom EBPatchGodunov::slope, if required.

8.4 Class EBPhysIBC

EBPhysIBCis an interfaceclassownedandusedby PatchGodunovthroughwhicha user
speci¯es the initial and boundary of conditionsof her particular problem. Thesebound-
ary conditionsare °ux-based. EBPhysIBCcontainsas member data the meshspacing
(Real a_dx) andthe domainof computation(ProblemDomaina_domain). The impor-
tant userfunctionsof EBPhysIBCare asfollows.

² virtual void define(const Box& a_domain
const Real& a_dx) = 0;

De¯ne the internalsof the class.
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² virtual EBPhysIBC* new_ebphysIBC() = 0;

Factory method. Returna newEBPhysIBCobject.

² virtual void fluxBC(EBFaceFAB&a_flux,
const EBCellFAB&a_Wextrap,
const EBCellFAB&a_Wcenter,
const int& a_dir,
const Side::LoHiSide& a_side,
const Real& a_time) = 0;

Enforce the °ux boundary condtionon the boundary of the domainand placethe
result in a_flux . The argumentsto this functionare asfollows

{ a_flux is the array of the °uxes over the box. This valuesin the array
that correspond to the boundary facesof the domainare to be replacedwith
boundary values.

{ a_Wextrap is the extrapolated valueof the state's primitive variables. This
data is cell-centered.

{ a_Wcenter is the cell-centeredvalueof the primitive variablesat the start of
the time step. This data is cell-centered.

{ a_dir, a_side is the directionnormal andthe sideof the domainwherethe
functionwill be enforcing boundary condtions.

{ a_time is the time at whichboundary conditionswill be imposed.

² virtual void initialize(LevelData<FArrayBox>& a_conState);

Fill the input with the intial conservedvariabledata of the problem.

² void
setBndrySlopes(EBCellFAB& a_deltaPrim,

const EBCellFAB&a_primState,
const int& a_dir)

Set the slopesat domainboundariesasdescribed in section6.

9 Results

We run the Modianoproblemfor one time step to computethe truncation error of the
operator. The error at a givenlevelof re¯nementE h is approximatedby

E trunc =
Uh(t) ¡ Ue(t)

t
(69)
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whereUh(t) is the discretesolutionand Ue(t) is the exactsolutionat time t = ¢ t. We
run the Modianoproblemfor a ¯xed time to computethe solutionerror of the operator.
The error at a givenlevelof re¯nementE h is approximatedby

E soln = Uh(t) ¡ Ue(t) (70)

whereUh(t) is the discretesolutionandUe(t) is the exactsolutionat time t. The order
of convergencep is givenby

p =
log( jE 2h j

jE h j )

log(2)
(71)
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Variable CoarseError FineError Order
mass-density 3.127796e-05 1.669137e-05 9.060445e-01
x-momentum 3.292329e-05 1.675957e-05 9.741235e-01
y-momentum 6.766401e-05 3.141857e-05 1.106771e+00
energy-density 1.094807e-04 5.842373e-05 9.060502e-01

Table1: Truncationerror convergenceratesusingL-0 norm. hf = 1
512 and hc = 2hf ,

D = 2

Variable CoarseError FineError Order
mass-density 7.358933e-08 1.616991e-08 2.186185e+00
x-momentum 7.569344e-08 2.010648e-08 1.912508e+00
y-momentum 1.764416e-07 4.648945e-08 1.924216e+00
energy-density 2.575709e-07 5.659651e-08 2.186185e+00

Table2: Truncationerror convergenceratesusingL-1 norm. hf = 1
512 and hc = 2hf ,

D = 2

Variable CoarseError FineError Order
mass-density 4.010155e-07 1.164273e-07 1.784228e+00
x-momentum 6.057493e-07 2.402295e-07 1.334308e+00
y-momentum 1.717569e-06 5.992271e-07 1.519193e+00
energy-density 1.403616e-06 4.075112e-07 1.784237e+00

Table3: Truncationerror convergenceratesusingL-2 norm. hf = 1
512 and hc = 2hf ,

D = 2

Variable CoarseError FineError Order
mass-density 3.769203e-07 7.212809e-08 2.385626e+00
x-momentum 3.427140e-07 7.681266e-08 2.157589e+00
y-momentum 7.501614e-07 1.692840e-07 2.147755e+00
energy-density 1.319233e-06 2.524508e-07 2.385625e+00

Table4: Solutionerror convergenceratesusingL-0 norm. hf = 1
512 andhc = 2hf , D = 2
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Variable CoarseError FineError Order
mass-density 1.103779e-09 1.855826e-10 2.572317e+00
x-momentum 1.125935e-09 2.356203e-10 2.256588e+00
y-momentum 1.617258e-09 2.371548e-10 2.769649e+00
energy-density 3.863314e-09 6.495531e-10 2.572320e+00

Table5: Solutionerror convergenceratesusingL-1 norm. hf = 1
512 andhc = 2hf , D = 2

Variable CoarseError FineError Order
mass-density 5.553216e-09 1.114919e-09 2.316385e+00
x-momentum 6.038922e-09 1.251264e-09 2.270905e+00
y-momentum 9.515687e-09 2.244841e-09 2.083695e+00
energy-density 1.943688e-08 3.902358e-09 2.316379e+00

Table6: Solutionerror convergenceratesusingL-2 norm. hf = 1
512 andhc = 2hf , D = 2
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